Abstract. Let R be a commutative Noetherian ring and M be a finitely generated R-module. Considering the new concept of linkage of ideals over a module, we study the cohomological dimension of M with respect to the linked ideals over it.
introduction
The linkage theory is an important topic in commutative algebra and algebraic geometry. It refers to Halphen (1870) and M. Noether [10] (1882) who worked to classify space curves. In 1974 the significant work of Peskine and Szpiro [13] brought breakthrough to this theory and stated it in the modern algebraic language; two proper ideals a and b in a Cohen-Macaulay local ring R is said to be linked if there is an regular sequence x in their intersection such that a = (x) : R b and b = (x) : R a.
The new progress in the linkage theory is the work of Martsinkovsky and Strooker [8] which established the concept of linkage of modules. Also, in a recent paper, (arxiv: 1709.03268v2), the authors introduced the concept of linkage of ideals over a module and studied some of its basic properties. Let R be a commutative Noetherian ring, a and b be two non-zero ideals of R and M denotes a non-zero finitely generated R-module. Assume that aM = M and bM = M and let I ⊆ a ∩ b be an ideal generating by an M-regular sequence. Then the ideals a and b are said to be linked by I over M, denoted by a ∼ (I;M ) b, if bM = IM : M a and aM = IM : M b. This concept is the classical concept of linkage of ideals in [13] , where M := R.
One of the most important invariants in local cohomology theory is the cohomological dimension of an R-module X with respect to the ideal a, i.e. cd (a, X) := Sup {i ∈ N 0 |H i a (X) = 0}.
In this paper, we consider the above generalization of linkage of ideals over a module and, among other things, study the cohomological dimension of an R-module M with respect to the ideals which are linked over M (Theorem 2.7).
Throughout the paper, R denotes a commutative Noetherian ring with 1 = 0, a and b are two non-zero proper ideals of R and M denotes a non-zero finitely generated R-module.
cohomological dimension
The cohomological dimension of an R-module X with respect to a is defined by cd (a, X) := Sup {i ∈ N 0 |H i a (X) = 0}. It is a significant invariant in local cohomology theory and attracts lots of interest, see for example [6] and [11] . In this section, we study this invariant via "linkage". We begin by the definition of our main tool. 
Note that in the case where M = R, this concept is the classical concept of linkage of ideals in [13] .
The following lemma, which will be used in the next proposition, finds some relations between local cohomology modules of M with respect to ideals which are linked over M.
Lemma 2.2. Assume that I is an ideal of R such that a ∼ (I;M ) b. Then
. Therefore,
Proof.
(i) Let r ∈ ab. By the assumption, rM ⊆ IM. Therefore, in view of [7, 2.1] , there exist an integer n and b 1 , ..., b n ∈ I such that (r n +r
, as desired. Now, the result follows using [1, 4.2.1].
(ii) Let r ∈ Ann aM. Then, by the assumption, rM ⊆ bM and using similar argument in part (i) one can see that
Also, via the fact that ab ⊆ Ann M,
a. This proves the desired equalities. Now, the isomorphisms between local cohomology modules follows using [1, 4. . Now, the result follows from 2.2 and using the Mayer-Vietorise sequence
The following corollary, which is immediate by the above proposition, shows that, in spite of [4, 21.22 ], parts of an R-regular sequence can not be linked over R.
Corollary 2.4. Let (R, m) be local and x 1 , ..., x n ∈ m be an R-regular sequence, where n ≥ 4.
] and any 
Proof. Using the assumption, H i a∩b (M) = 0 for all i = t. Now, the result follows from the isomorphism
which are deduced by the Mayer-Vietoris sequence.
The following lemma will be used in the rest of the paper. ), we get the exact sequence 0 → (
The next theorem, which is our main result, provides a formula for cd (a, M) in the case where a is linked over M. such that a + q ⊆ p. By the assumption, p = q which is a contradiction to the structure of c.
On the other hand, let p ∈ Min A. Then, there exists q ∈ Min Ass M aM such that q ⊆ p. Hence, again by 2.6, q ∈ A and, by the structure of p, q = p. Therefore,
Whence, using (2.2), it follows that
Now, in view of (2.1), we have the following Mayer-Vietoris sequence
for some a-torsion R-module N. Applying Γ a (−) on (2.3), we get the exact sequence
and the isomorphism
otherwise. Now, the result follows from the above isomorphisms.
The following corollary, which follows from the above theorem, provides a precise formula for cd (a, M) in the case where a is geometrically linked over M.
Corollary 2.8. Let I be an ideal of R generating by an M-regular sequence and a and b be geometrically linked by I over M. Also, assume that Ass
and M is not relative Cohen-Macaulay with respect to a. Then
Proof. First, we show that
which is a contradiction. Now, in view of (2.2) in the proof of 2.7,
This, in conjunction with (2.4), implies that
Now, the result follows from theorem 2.7.
Convention 2.9. Assume that I is an ideal of R which is generated by an M-regular sequence. We define the set
S (I;R) actually contains of all linked ideals by I.
Some basic properties of the set S (I;M ) , which will be used in the rest of the paper, are presented in the following Lemma.
Lemma 2.10. Assume that I is an ideal of R which is generated by an M-regular sequence. Then the following statements hold.
(i) Ass for all a 1 , a 2 ∈ S (I;M ) with a 1 ∩ a 2 = I.
, for all ideals a of R which are linked by I over M.
Proof. Note that it is enough to consider the case where I = 0.
(i) Let a ∈ S (0;M ) , N := 0 : M a and assume that N = Σ t i=1 Rα i for some α 1 , ..., α t ∈ N. Then, by the assumption, a = 0 : R N and using the natural monomorphism
Ass Rα i ⊆ Ass M.
(ii) Let α ∈ M such that p = 0 : R α ∈ Ass M − {0}. Hence,
The converse follows from (i). (iii) It follows from the fact that
, by (iii) and (ii).
The above lemma shows that the set S (I;M ) contains of all linked radical ideals by I over M.
The following proposition, which is needed in the next two items, shows that any ideal a with M = aM can be embedded in a redical ideal a ′ of S (I;M ) for some I. Proof.
). Replacing (x 1 , ..., x 2 t ) with (x 1 , ..., x t ), we may assume, in addition, that x 1 , ..., x t = a and it is not a prime ideal. Set Λ := {p|p ∈ Ass ( M (x 1 ,...,xt)M ), a ⊆ p} and a ′ = ∩ p∈Λ p. Then, setting I := (x 1 , ..., x t ) and using 2.10, a ⊆ a ′ is a radical ideal of S (I;M ) . Assume that there exists a radical ideal c ∈ S (I;M ) such that a ⊆ c. Hence, by 2.10(iii), Ass Proof. It follows from 2.10(iv) and the above proposition.
The following theorem provides some conditions in order to have cd(a, M) < dim M.
